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We present a complete simulation scheme for particulate processes based on the
constant number Monte Carlo methodology. Specifically, the proposed scheme can be
applied towards the solution of population balances that include nucleation, coagula-
tion and surface deposition, coupled to chemical reactions. The synthesis of titania
(TiO2) by flame oxidation of TiCl4 is employed as a comparison basis of the relative
advantages and weaknesses of Monte Carlo against more classical numerical
approaches. VVC 2010 American Institute of Chemical Engineers AIChE J, 56: 3137–3145, 2010
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Introduction

Modeling of particulate processes has reached the point
where the use of population balances is quite common at the
research level. At the same time, the development and
refinement of solution methodologies for population balance
problems continues vigorously in all areas of particle science
including colloids and polymers1–3, aerosols4–7, and pow-
ders.8 Such population models have been extensively used to
design and control chemical and biological processes;9–12 the
reader may refer to the excellent reviews13,14 and references
therein.

The need for improved numerical tools arises from the
fact that the population balance equation (PBE) generally
contains both derivative and integral terms of the size distri-
bution, which in turn may exhibit discontinuities due to
appearance or disappearance of discrete sizes (for example,
nucleation or dissolution). Monte Carlo (MC) methods cir-
cumvent some of these difficulties.15 In particular, the MC
treatment of aggregation and break up is straightforward and
involves none of the numerical difficulties encountered by

standard integration techniques that are based in some type
of discretization of the size distribution. Indeed, this is the
natural advantage of MC, whose discrete nature is well
suited to handle discrete events between finite numbers of
particles. Not all particulate mechanisms share these charac-
teristics, however. A case in point is growth by surface dep-
osition, a single-particle process in which growth takes place
via a process that is continuous in time. Other examples of
continuous processes are particle dissolution, which can be
viewed as the reverse process to surface deposition, particle
restructuring (e.g., sintering and consolidation of porous par-
ticles), or presence of chemical reactions that are coupled to
the particles, for example, via nucleation or surface reaction.
These mechanisms can be incorporated easily into standard
discretization methods but require special handling in MC.
Therefore, discretization techniques and MC methods stand
at opposite ends with respect to ease of use in population
balances, depending on the mechanisms that are present.
Since many particulate processes of industrial interest
involve multiple mechanisms simultaneously, often coupled
to a set of chemical reactions, the numerical solution of the
PBE is no longer a straightforward task, regardless of which
methodology is chosen.

The purpose of this article is to present a complete MC
simulation environment for the solution of a population

Correspondence concerning this article should be addressed to T. Matsoukas at
matsoukas@engr.psu.edu.and ThemisMatsoukas at matsoukas@engr.psu.edu.

VVC 2010 American Institute of Chemical Engineers

AIChE Journal 3137December 2010 Vol. 56, No. 12



balance model that includes nucleation, coagulation and sur-
face deposition, coupled to a chemical reaction. We have
chosen the synthesis of titania (TiO2) by flame oxidation of
TiCl4 as the process of interest. This is a system of industrial
importance that has been studied experimentally and for
which kinetic information is available. It is also a system
that has been studied numerically by Spicer et al. using a va-
riety of discretization techniques.16–20 This provides us both
with a means of validating the MC methodology, but also
with a basis to compare the relative advantages and weak-
nesses of MC against more classical numerical approaches.
The article is organized as follows. We first outline the
chemical model implemented in this work. We then show
explicitly how the kinetic information is converted into
dimensionless form appropriate for the calculation of event
probabilities. Subsequently, we describe the set up of con-
stant-Number MC and show how all relevant quantities are
computed in the simulation. Finally, we present and discuss
the results of this approach.

Population balance model

Kinetics. The kinetic model used in this study is the
same previously used by Spicer et al. (see Figure 1). TiCl4
is consumed via a reaction that is overall first order in the
concentration of TiCl4 with rate constant

k0 ¼ 8:26� 104 exp
�10681

T

� �
ð1=sÞ (1)

with T in K. The overall decomposition rate reflects the
combined effect of homogeneous gas-phase nucleation, which
is taken to be first order in the concentration of TiCl4 with rate
constant kN, and oxidation of TiCl4 on the aerosol surface:

k0 ¼ kN þ kDA (2)

Here, A is the surface area of the aerosol per unit volume
(m2/m3), kN is the rate constant for homogeneous nucleation
(1/s) and kD is rate constant for surface deposition (m/s). The
rate constant for surface deposition is given by Spicer et al,

kD ¼ 49:0 exp
�8993

T

� �
ðm=sÞ (3)

while the nucleation rate is calculated from Eq. 2 and the
known values of k0, kD.

The reaction zone is modeled as a plug flow reactor with
no radial gradients. For simplicity, the reactor is also assumed
isothermal, although this assumption can be easily relaxed if
the temperature profile is known. Under these conditions the
system is treated as a well-mixed batch process in which time
represents the residence time in the reaction zone.

The above constants are needed in the balance of
unreacted TiCl4, where the time evolution of C0 (molecules/
m3) is given by:

dC0

dt
¼ �ðkN þ AkDÞC0 (4)

where A is expressed in m2/m3. The coagulation rate is
calculated using Fuchs’ formula which interpolates between

the kinetic and the continuum regimes21 (see the Appendix).
For simplicity we assume that upon coagulation, particles
instantaneously coalesce into a sphere. This assumption may
be relaxed to include a finite rate of coalescence (sintering).

Event rates. We begin by defining the events that will be
simulated by MC and their probabilities. The main events in
the process described above are: (i) nucleation of new par-
ticles; (ii) coagulation of particles; and (iii) surface deposi-
tion. These events will further be refined by selecting the
specific particle(s) that participate in the implementation of
each of the above events (discussed in the next section). In
this section we derive expressions for the total rate of these
events in terms of variables that are accessible to the simula-
tion. All results are presented in dimensionless form based
on a characteristic concentration C* (m�3), a characteristic
mass M* (kg) and a characteristic time, t* (s). In the simula-
tion, t* is selected among the characteristic times scales of
the various rate processes (nucleation, surface growth, or
coagulation), to be defined later. Until then we treat t* as a
constant. We choose C* to be the initial concentration of
TiCl4 in the feed, and M* to be the mass of a TiO2 species.

The characteristic diameter d*, and surface area A* are
defined as follows

d� ¼ ð6M�=pqÞ1=3 (5)

A� ¼ pd2� (6)

where q is the density of titania. Finally, the specific rate Re of
event e (nucleation, coagulation or surface deposition) is made
dimensionless as follows:

re ¼ Ret�
C�

: (7)

Table 1 summarizes the definitions of the various dimen-
sionless quantities.

Nucleation. The rate of nucleation is

RN ¼ kNC0 (8)

where C0 is the concentration of unreacted TiCl4 in m�3. We
express the rate in dimensionless form rN ¼ RNt*/C* where t*,
C*, are a characteristic time and characteristic concentration,
and which are to be defined later. The dimensionless rate rN is

rN ¼ c0
sN=t�

(9)

where c0 ¼ C0/C* is the dimensionless concentration of
unreacted TiCl4, and sN ¼ 1/kN is the time scale for nucleation.
We note that nucleation adds a mass MN to the system, equal
to the mass of the nucleus.

Surface deposition. For the purposes of the simulation
we define a surface deposition event as the deposition of
mass MD onto a particle. Accordingly, the rate of deposition
events is

RD ¼ kDA
M0

MD

(10)

where M0 is the mass of a TiO2 cluster. The total surface area
is expressed as
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A ¼ �ACp (11)

where A is the surface per particle (number average surface
area) and Cp is the total number concentration of particles. The
mean area is calculated during the simulation assuming
the particles to be spherical: A/A* ¼ (x)2/3, where x is the
dimensionless particle mass. Combining the above equations
and expressing all variables in dimensionless form, we obtain

rD ¼ �ac0 cp
sD=t�

(12)

where a is the dimensionless average area per particle, cp is the
dimensionless particle concentration and sD is the time scale
for surface deposition, defined as

sD ¼ MD

M0kDC�A�
(13)

Coagulation. The total coagulation rate is

RC ¼ hK12iC2
P

2
(14)

where hK12i is the average kernel between all particles in the
population.22,23 Next, wewrite the coagulation kernel in the form
K12¼KCk12,whereKC is thedimensionalpartof thekernel (m2/s),
and k12 is a dimensionless function of particle size (see Appendix
for details). In dimensionless form, the coagulation rate is

rC ¼ k12h ic2p
sC=t�

(15)

where sC is the time scale for coagulation and is given by

sC ¼ 2=KCC� (16)

Characteristic times. The nucleation characteristic time
is calculated as sN ¼ 1/kN with kN and obtained from Eq. 2
and kD from Eq. 13:

sN ¼ 1

k0 � vDcp�a=sD
(17)

Note that the nucleation time is not constant but depends
on the concentration of surface area (expressed via vDcpa),
which varies in time. The characteristic time for deposition
is calculated from Eq. 13, which we rewrite as

sD ¼ vD=kDC�A�; (18)

where vD ¼MD/M0 is the dimensionless mass of the depositing
species during surface deposition. The simulation begins with
vD¼ 1 (i.e., the depositing unit is one molecule) but the value is
increased at later times in order to speed up the calculation. The
characteristic time for coagulation is calculated from Eq. 16.

Implementation of constant-number MC

In constant-Number Monte Carlo (cNMC)22,23 we utilize a
simulation box that contains a constant number N to repre-
sent the actual concentration of particles. The basic algo-
rithm is summarized as follows. During each step, we select
the event to implement (nucleation, surface deposition, or
coagulation) and produce a corresponding change in the sim-
ulation box. If the number of particles changes as a result of
the event, an additional step is performed to restore the size
of the box to N. Following the implementation of an event,
time and concentrations are updated and the above steps are
repeated. Below we discuss each of these steps in detail.

Implementation of events. Each MC step represents the
realization of a single event (nucleation, surface deposition,
coagulation) and advances time by the mean inter-event
interval based on the the total rate of events:

dt ¼ 1

rN þ rD þ rC
(19)

Events are implemented with probabilities proportional to
the rate of that event:

Pe ¼ re
rN þ rD þ rC

(20)

where subscript e represents nucleation, deposition or
coagulation. The rates and the characteristic times of the
events are summarized in Table 2. Events are implemented as
follows:

1. Nucleation: a particle nucleus (v ¼ 1) is added to the
simulation box; a randomly selected particle is deleted from

Table 1. Characteristic and Dimensionless Variables

Dimensional Variables

d* 0.42 � 10�9 m
M* ¼ qpd3�/6 1.5517 � 10�25 kg
A* ¼ pd2� 5.54 � 10�19 m2

C* Initial concentration of TiCl4, 1/m
3

Dimensionless Variables

c0 ¼ C0/C* Concentration of TiCl4
cp ¼ Cp/C* Number concentration of particles
cm ¼ CM/C*M* Mass concentration of particles
x ¼ d/d* Particle size
a ¼ A/A* Concentration of total surface area
a ¼ a/cp Average surface area per particle
v ¼ x3 Dimensionless particle mass
vN ¼ 1 Dimensionless mass of TiO2 nucleus
vD ¼ MD/M* Dimensionless mass deposited per event
re ¼ Re C*/t* Rate of event e ¼ {nucleation, surface

deposition, coagulation}
sN Time constant of nucleation
sD Time constant of surface deposition
sC Time constant of coagulation

Table 2. Rate and Characteristic Time of Events

Event Rate (1/s) Characteristic Time

Nucleation rN ¼ c0
sN

sN ¼ 1

k0 � cpvD�a=sD

Surface deposition rD ¼ �ac0 cp
sD

sD ¼ vD
kDC�A�

Coagulation rC ¼ k12h ic2p
sC

sC ¼ 1

KCC�
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the simulation box in order to keep the number of particles
constant.

2. Deposition: a particle i is chosen with probability Pi

proportional to the deposition rate for that particle. Since the
deposition rate is proportional to the particle area, ai, all
other factors being constant, this probability is Pi 5 ai/a,
where a is the total area in the simulation box. Once a parti-
cle is chosen, its mass is incremented by vD.

3. Coagulation: a pair (i, j) of particles is chosen with
probability proportional to the coagulation rate of the pair;
since this rate is proportional to kij, all other factors being
constant, this probability is calculated as

Pc ¼ kij
kmax

(21)

where kmax is the maximum value for the coagulation kernel
in the simulation box. Once a pair is selected with masses vi,
vj, respectively, it is erased from the simulation box and a
new particle is formed with mass vi þ vj. A randomly
selected particle is replicated and its copy is placed in the
simulation box so that the number of simulation particles is
always N.

The rate (and probability) of coagulation requires the cal-
culation of the average coagulation kernel over all pairs in
the simulation box:

kij
� � ¼ 2

PN�1
i¼1

PN
j¼1þ1 kij

NðN � 1Þ : (22)

This computation scales as N2 with the number of simula-
tion particles and becomes more expensive if the mathemati-
cal form of the kernel is algebraically involved, as in the
case of the Fuchs kernel (see Appendix). In order to acceler-
ate the execution, we adopt a sampling approach as follows;
when coagulation is the chosen event, we keep track of the
value of kij of all pairs sampled before a suitable pair is
found and estimate hkiji as the average of this sample.

The above steps produce a sample of the particle popula-
tion of constant size N that evolves in time in accordance
with the rates of the processes in the reactor that is being
simulated. All metrics of the population, including average
mass, v, average area, a, total area a, etc. are calculated
directly from the sample of particles.

Concentrations. In cNMC, a simulation box with con-
stant number of particles represents a system in which the
actual particle concentration varies with time. It is important
then to establish the connection between concentrations and

changes in the simulation box properly. To make this con-
nection, we note that before the implementation of an event
the simulation box contains total mass M ¼ Nv that repre-
sents a mass concentration cM. If the event adds mass dve to
the simulation box, the corresponding change in cM is

dcM ¼ cM
N�v

dve (23)

The value of dve depends on the event and for the mecha-
nisms we consider here the possible values are:

dve ¼
vN if nucleation

vD if deposition

0 if coagulation

8<
: (24)

The corresponding change in the concentration of
unreacted TiCl4 is

dc0 ¼ �dcM ¼ � cM
N�v

dve (25)

Finally, the particle number concentration after the imple-
mentation of an event is obtained from its relationship to v
and cM:

cP ¼ cM
�v

(26)

Equations 19, 23, 25, and 26 summarize the increment for
time, mass and number concentration of particles, and con-
centration of chemical precursor, based on the changes
applied to the simulation box. Although alternative methods
can be used to update concentrations, the method presented
here is more accurate, as discussed in Ref. 23.

Results and Discussion

We performed calculations at 1800 K and 1400 K with
initial moL fraction of TiCl4 0.1 and 0.5 (in all cases P ¼
1.013 bar). To compare with the work of Spicer et al.,16 we
run simulations both with and without surface deposition.
The cases are summarized in Table 3 along with the corre-
sponding characteristic times. Since the results are similar to
the results of Spicer et al. at both temperatures, we only
present graphs from the calculations at 1800 K. Figure 2
shows the concentration of TiCl4 as a function of time for
T ¼ 1800 K and xTiCl4 ¼ 0:1. In the absence of surface

Table 3. Parameters for Simulations

Deposition T (K) P (bar) xTiCl4 sN (s) sD (s) sC (s) Run Time* (min)

Yes 1800 1.013 0.1 4.57 � 10�3† 1.34 � 10�5‡ 6.66 � 10�9 18
No 1800 1.013 0.1 4.57 � 10�3 – 6.66 � 10�9 77
Yes 1400 1.013 0.1 2.49 � 10�2 4.33 � 10�5‡ 5.87 � 10�9 26
No 1400 1.013 0.1 2.49 � 10�2 – 5.87 � 10�9 316
Yes 1400 1.013 0.5 2.49 � 10�2† 8.66 � 10�6‡ 1.17 � 10�10 69
No 1400 1.013 0.5 2.49 � 10�2 – 1.17 � 10�10 961

*Using MATLAB with N ¼ 1000 particles on a single Dual core 2.4 GHz AMD Opteron with 8 GB of ECC RAM node.
†In the presence of surface deposition sN varies with time; value in table refers to t ¼ 0.
‡From Eq. 18 with vD ¼ 1; vD is increased during simulation.
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deposition, the nucleation rate is first order in the concentra-
tion of titanium tetrachloride with sN ¼ 4.57 � 10�3 s and
as we see, the simulation results show excellent agreement
with the expected exponential decay. When surface deposi-
tion is included, the decay of the monomer is faster, since it
is depleted via both nucleation and deposition.

The evolution of the particle diameter, which we calculate
as dp ¼ (d3)1/3, is shown in Figure 3. Both with and without
surface deposition, the results are in very good agreement
with the results of Spicer et al.16 It is worth noting that the
agreement extends to the small dip in size observed around t
� 0.02 s and which is due to a second nucleation burst that
introduces a significant amount of small particles. After all
the tetrachloride is consumed (t � 0.1 s) the process is
dominated by coagulation only and the particle diameter
converges onto the a universal coagulation line.

The complete size distributions are shown in Figure 4
(with surface deposition) and Figure 5 (without deposition).
The size distribution, f(d), is defined as

f ðdÞ ¼ cP
N

dNðdÞ
dd

(27)

where dN(d) is the number of particles in the size range dd, N
is the total number of particles in the simulation box and cP is

the total number concentration. When surface deposition is
present, nucleation is limited to a short initial period (t \
10�4) during which time the size distribution is wide and
approximately a logarithmic function of size. After this point
the distribution reaches the characteristic shape due to
coagulation. Even though deposition remains active until
about t � 0.1 s, the shape of the size distribution is primarily
determined by coagulation, which produces more dramatic
changes compared to surface deposition. By contrast, in the
absence of surface deposition, the distribution becomes very
wide as nucleation produces fine particles and coagulation
forms larger ones. Once the gas-phase TiCl4 is depleted, the
distribution attains very rapidly the shape that is characteristic
of coagulation. This fast transition is fueled by the large
coagulation rate between the very small and very large
particles in the distribution.

Figure 2. Concentration of TiCl4 as function of time
(T 5 1800 K, xTiCl4 5 0.1).

Figure 1. Schematic representation of growth mecha-
nisms.

Figure 3. Size as a function of time with and without
surface deposition (T 5 1800 K, xTiCl4 5 0.1).

Size (average diameter) is calculated as the diameter of the
average sample rather than the average of all particles diam-
eter to be compatible with Spicer et al.16 The results of
Spicer et al. are also shown for comparison.

Figure 4. Size distributions for T 5 1800, xTiCl4 5 0.1
with surface deposition included.
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Some moments of interest are shown in Figure 6 for the
case that includes surface deposition. The mass concentration
of particles increases until all of the gas-phase TiCl4 is ex-
hausted at which point the mass concentration is 1. We note
that the mass balance is strictly obeyed because it is built
into the equations for cM (Eq. 23) and c0 (Eq. 25). Also
shown is the average area per particle, a, and the total sur-
face area, a ¼ cpa, both showing a peak corresponding to
the second nucleation burst.

As a further comparison we have calculated the geometric
standard deviation, shown in figures 7 and 8 for the case
with and without surface deposition, respectively. The geo-
metric standard deviation increases initially, as nucleation
and coagulation together produce a wide distribution that
stretches from nuclei up to much larger aggregates. Once
nucleation ceases and the distribution coalesces to that for
coagulation, the standard deviation approaches the asymp-
totic value for coagulation. We note that the MC method
produces a lower value of the standard deviation in both

cases but most notably in the absence of surface deposition.
This is a consequence of the very high nucleation rate: the
simulation box is nearly flooded by nuclei and small par-
ticles at the expense of larger aggregates. Since the total
number of particles in the simulation box is kept constant,
the overabundance of nucleus-size particles is accompanied
with a reduction in the accuracy of the size distribution at
the high end. This accuracy recovers very quickly once
nucleation stops.

Coarsening. Previously, the deposition event was defined
as the addition of mass vD to a particle in the simulation
box. The value of vD has been intentionally left unspecified.
If the value of vD is set to the smallest possible value, vD ¼
1, the simulation approaches the limit of continuous mass
deposition but this is done at the expense of execution time
since the deposition of a single molecule advances the simu-
lation by a very small amount. By allowing vD to be larger
than 1, the simulation can proceed faster. We refer to this as
‘‘coarsening’’ because it decreases the resolution of the phys-
ical process.

Figure 5. Size distributions for T 5 1800, xTiCl4 5 0.1
without surface deposition.

Figure 6. Average surface area, aerosol mass, and
total surface area (T 5 1800 K, xTiCl4 5 0.1).

Figure 7. Volume-based geometric standard deviation
(with surface deposition): T 5 1800 K, xTiCl4 5
0.1.

Figure 8. Volume-based geometric standard deviation
(with no surface deposition): T 5 1800 K,
xTiCl4 5 0.1.
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The proper use of coarsening is to accelerate the imple-
mentation of the fastest process in the system. If the rate of
deposition is the most probable event, then a sizable part of
the computation is consumed in calculating event probabil-
ities, even though deposition is the most likely event, and
then advance time by a small amount only. By increasing
the value of vD, deposition is selected less often but the
mass deposited each time is larger with the benefit of
advancing time by a larger increment. Note that coarsening
does not violate the actual rate at which mass is added to
the simulation box: this rate is equal to rDvD, which is easily
confirmed to be independent of the selection of vD once Eqs.
12 and 13 are taken into account. There is a small loss of
accuracy due to the fact that in coarsening the rate of surface
deposition we deposit a mass vD onto a single particle rather
than a unit mass onto vD particles. This error is insubstantial
when coagulation is present since coagulation produces
much more drastic changes in the size distribution compared
to deposition. However, vD may not be increased arbitrarily.
The maximum value of vD is limited by the requirement that
coarsening may only be applied to the fastest process.
Accordingly, the coarsened deposition may not become
slower than the next slower process. For more discussion on
simulation acceleration, see.24,25

In these simulations the value of vD was variable in the
simulation according to

vD ¼ maxf1; ð0:0001Þ � �vg; (28)

which adjusts vD in proportion to the mean mass while setting
the minimum value of vD to 1. According to this rule, vD is
equal to 1 when the simulation consists of small particles, and
is gradually increased as the particles grow to larger size. The
effect on the rate of deposition is shown in Figure 9 for T ¼
1800 K, xTiCl4 ¼ 0.1 with all three mechanisms included. The
coarsened deposition rate implemented in the simulation is
denoted by rD while rDvD refers to the noncoarsened rate, also
equal to the rate of mass deposition onto the surface of the
aerosol. As we see, after approximately t ¼ 10�5 s deposition

becomes the fastest process; when coarsening is implemented,
starting at about t ¼ 3.2 � 10�4 s, the deposition is reduced
but even in coarsened formed it remains the fastest rate. This
gives confidence that accuracy is not compromised, a
conclusion that is confirmed directly by the excellent
agreement with the simulations of Spicer et al.16 in Figure 3.

Other numerical bottlenecks. Simulations become consid-
erably slower when surface deposition is not included (see
run times in Table 3). This is because the benefit of coarsen-
ing is now lost. While coarsening may in principle be used
on nucleation, this is inappropriate under the conditions of
our runs because nucleation is the rate-limiting process and
has a significant effect on the particle size distribution. This
is demonstrated in Figure 10 which shows the rate of nuclea-
tion and coagulation in the absence of surface deposition.
Initially, nucleation is the only active process. Once the con-
centration of particles increases sufficiently, the coagulation
rate increases but it never exceeds the rate of nucleation – at
most, the two rates are equal, until the concentration of
TiCl4 is exhausted. The physical reason for this behavior is
the fact that the coagulation kernel is highest between the
smallest and largest particles. As nuclei are formed, they are
immediately consumed by coagulation, whose rate falls as a
result of the depletion of the number concentration leaving
the process waiting for the next nucleation event. This is
clearly demonstrated by the time constants of nucleation and
coagulation in Table 3. Though a small degree of coarsening
in the form of adding n[ 1 nuclei per nucleation event may
be tolerated, the effect on the size distribution could be im-
portant given the sensitivity of coagulation to the relative
amounts of small and large particles.

A further consequence of quasi-steady state that is estab-
lished by the competing rates of nucleation and coagulation
(Fig. 10) is the presence of fluctuations in the mean particle
size. The generation of new particles by nucleation decreases
the mean size but the presence of small and large particles
fuels the rate of coagulation, causing the size to drop. These
fluctuations are visible in Figure 3 in the form of noise in
the MC results when compared to the results of the sectional

Figure 9. Rate of events at T 5 1800 K, xTiCl4 5 0.1.

The coarsened deposition rate is rD; rDvD is the rate of
mass deposition and is equal to the deposition rate without
coarsening.

Figure 10. Nucleation and coagulation rate in the ab-
sence of surface deposition (T 5 1800 K,
xTiCl4 5 0.1).
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method in the absence of surface deposition. In this region,
size fluctuations may be as high as 30% but they drop to
less than 2% when the precursor is depleted and the system
is driven solely by coagulation.

Conclusions

In summary, we have shown that constant-number MC
can be extended to problems involving population balances
with various interacting processes. Additional processes such
as flow in and out via streams, evaporation/dissolution, etc.
can be added easily by updating Eq. 24 as to the effect of
these processes on the mass of the simulation box. Sintering
can also be incorporated. This, however, requires some addi-
tional effort because the population balance in this case
becomes bivariate as the particle surface must be treated as
independent variable in addition to particle mass. This exten-
sion will be considered in the future. The main conclusion
of the present work is that kinetic MC can serve as a com-
plete environment for the simulation of particulate processes
under realistic conditions, and that sufficient accuracy can be
maintained with a rather small number of simulation par-
ticles, well within the capabilities of desktop computing.
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Appendix

Coagulation kernel

We write Fuchs’ interpolation formula21 for the coagula-
tion kernel in the form

K12 ¼ K0k12 (A1)

such that K0 is the dimensional part of the kernel (m3/s) and
k12 is a dimensionless function of the size of the coagulating
particles. This separation of dimensions is done using the
titania molecule as the basis for defining a set of characteris-
tic dimensional quantities:

R� ¼ 2:1� 10�10 m (A2)

M� ¼ 4qpR3
0

3
¼ 1:5517� 10�25 kg (A3)

D� ¼ kBT

6plR0

(A4)

V� ¼ kBT

8pM0

� �1=2

(A5)

Variables R*, M*, D*, and V* represent a characteristic length,
mass, continuum diffusivity, and mean thermal velocity, respec-
tively. The numerical values for R0 and q ¼ 4000 kg/m3 are
taken from ref.16 The dimensional part of the kernel is

K0 ¼ 4pD�R� (A6)

The dimensionless part is given as a function of the
dimensionless radius ri ¼ Ri/R0 of the coagulating particles,
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k12 ¼ r1 þ r2
b12 þ c12

a1
r1

þ a2
r2

� �
(A7)

where:

ai ¼ 5þ 4Kni þ 6Kn2i þ 18Kn3i
5� Kni þ ð8þ pÞKn2i

(A8)

b12 ¼
r1 þ r2

r1 þ r2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21/

2
1 þ r22/

2
2

q (A9)

c12 ¼
A a1=r1 þ a2=r2ð Þ

ðr1 þ r2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=r31 þ 1=r32

p
Þ (A10)

/i ¼
ðji þ 2Þ3 � ðj2i þ 4Þ3=2

6ji
� 2 (A11)

ji ¼ Baiffiffiffiffi
ri

p (A12)

A ¼ 4D�=R�V� (A13)

B ¼ 8D�=pR0V� (A14)

In the above, Kni ¼ Ri/kg is the Knudsen number of the
particles, with the mean free path of the gas calculated as

kg
m

¼ 6:86� 10�8 bar

P

� �
T

298K

� �
(A15)
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